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EXTREME OPERATORS ON CHOQUET SIMPLEXES

KA-SING L A U

If K is a Choquet simplex and X is a metrizable compact
Hausdorff space, we let dsK denote the set of extreme points
of K with the facial topology and let S(L(C(X), A{K))) denote
the set of continuous operators from C(X) into A(K) with norm
not greater than 1. Our main purpose in this paper is to charac-
terize the extreme points of S(L(C(X), A(K))). We show that
T is an extreme point of S(L(C(X), A(K))) if and only if its
adjoint T* sends extreme points of Kivdo XU - XQ C(X)*>
also, the set of extreme points of S(L{C(X), A{K))) equals
C(daK,X\J - X ) .

1* Suppose El9 E2 are two real Banach spaces, we let S(-EΊ)
denote the unit ball of Ex and let L(Ely E2) be the set of continuous
linear operators from Eλ into E2. Following Morris and Phelps [7],
we call an operator T in S(L(EU E2)) a nice operator if its adjoint
T* sends extreme points of S(E*) into extreme points of S(E*). It
is clear that if T is a nice operator, then T is an extreme point of
S(L(Elf E2)). The converse is in general not true and there are
various literatures dealing with this problem under different hypo-
theses (c.f. [2], [5], [9]). In [2], Blumenthal, Lindenstrauss, Phelps
proved the following: Suppose Ex = C(X), E2 = C(Y) where X, Y
are compact Hausdorff spaces with X metrizable, then T is an
extreme point of S(L(C(X), C( Y))) if and only if there exists a con-
tinuous map φ\ Y-+ X and a continuous function λe C(X), |λj =
1 such that (Tf)(y) = X(y)f(φ{y)) for ye Yand f e C(X). As a simple
consequence, we see that in such case, T is a nice operator. Our
main purpose in this paper is to prove a similar characterization for
an extreme point Te S(L(C(X), A{K))) where X is a metrizable com-
pact Hausdorff space and A(K) is the set of continuous affine functions
on a Choquet simplex K.

Suppose K is a Choquet simplex, we let dK be the set of extreme
points of K and let dsK be the set dK with the facial topology. A
necessary and sufficient condition for a real-valued function / on
dsK to be continuous is that for any a e A{K), there exists b e A{K)
such that b(x) = f(x) a{x), x e dK (c.f. [1]). In §2, we extend this
property to an i?-valued function where E is a Frechet space and we
will make use of the results in the next two sections. In §3, we
prove our main theorem: let K be a Choquet simplex and X a metriz-
able compact Hausdorff space, then Te S(L(C(X), A{K))) is an extreme
point if and only if there exists φeA{K, C(X)*) (set of affine w*-
continuous functions from K into C(X)*) and a XeA(K) such that
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130 KA-SING LAU

(i) φ(3K) S X; (ϋ) |λ(a>)| = I/or xedK; (iii) Tf(x) = \(x). 9>(s)(/), / e
C(ίΓ), # e 3ίΓ. From this, we can easily see that such T is a nice
operator. Analogous results have also been obtained by Lazar [4]
in considering the compact operators and positive operators from
C(X) into A(K). In §4, we prove that the set of extreme points
of S(L(C(X), A(K))) equals the set C(dsK, XU -X) where we consider
X and —X to be in C(X)*. By using this result, we can show that
S(L(C(X), A{K))) is the weak operator closed convex hull of its extreme
points if and only ifdsK is totally disconnected. In such case, K is a
Bauer simplex and A(K) = C( Y) for some compact Hausdorίf space Y.
The above is a generalization of a result by Morris and Phelps [7]
on considering S(L(C(X), C(Y))).

2. Suppose if is a simplex (Choquet), we let dK be the set of
extreme points of K and let dsK be the set dK with the facial topology.
Recall that a set A is facially closed if and only if A = 0 or A =
jPfΊ dK where F is a closed face of K. It is known that [1] dsK is
compact (not necessarily Hausdorff) and that every real-valued con-
tinuous function on dsK can be extended to a continuous affine function
on K. Our first theorem is to generalize this result to an iί-valued
function where E is a Frechet space. We will use A(K, E) to denote
the set of continuous affine functions from K into E.

LEMMA 2.1. Let K be a simplex and let E be a locally convex
space. Suppose f is a continuous function from dsK to E and U is
an open convex symmetric neighborhood of 0 in E, then there exists
a continuous affine function T in A{K, E) such that T(x) — f(x) e U
for each x e dK. Moreover, T can be chosen such that T/dK is facially
continuous.

Proof. By the above remark, we see that the lemma is true for
E = R. If E = Rn, we can write / = (flf ••-,/*) where each /,:
dsK —• R, 1 ^ i ^ n, is continuous and hence there exist extensions
T, of ft on K, 1 S i ^ n. Letting T = (Tlf , Tn) shows that the
lemma is true for E = Rn.

We now pass to prove the general case. Since dsK is a compact
set, f(dsK) is compact. Hence there exist xl9 "-,xn in dsKsuch that
{f(xi) + U}i=1 is an open cover of f(dsK). Let {al9 •••, an} be a par-
tition of unity subordinated to {f(xt) + ϋ7}?=1 i.e., each ai9 i = 1, , n
is real-valued, nonnegative continuous function on dsK such that
supp ati S f(Xi) + Z7, Σ?=i at = l. Define fπ: dsK-+E by
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Then fu is continuous and for xedsK

fu(x) - fix) = Σ «.(/(*))(/(»<) ~ fix)) 6 U .

Also, notice that fv{dsK) is contained in a finite-dimensional subspace
of E, so we can extend fυ to TV e A(K, E) and

2VG») - f{x) = /*(&) - /(a) eU,xedK.

THEOREM 2.2. Suppose K is a simplex and E is a Frechet space;
then every continuous function from dsK into E can be extended to
a continuous affine function in A(K, E).

Proof. Let {pn} be an increasing sequence of pseudo norms on
E which defines the topology of E and let Bn(r) = {ye E: pn(y) < r}.
We construct a sequence {Tn} in A(K, E) as follows: Let 7\e A{K,
E) be such that

Tι(x)ef(x) + B1(2-% xedK.

Suppose we have constructed Tn; let Tn+1 e A(ϋΓ, £7) satisfy

Γn+1(ίc) G {f{x) - ± Tk{x)) + Bn{2~% xedK.

(Note that (f(x) — Σ ί = 1 Tfc(a?)) is facially continuous on dK, hence we
can apply Lemma 2.1.)

The function Σ?=i ^ converges uniformly to / on <5iL We want
to show that Σ~=i ̂  is uniformly Cauchy on K and thus will converge
to a continuous affine function Te A{K, X) such that T{x) = f(x), xe
dK. Indeed, for any pe{pn}, the function p ° (ΣA=m Tn): K-+R is
continuous and convex, it attains maximum on some extreme point
xQ e Ky hence

( Tn{x)) £p(j] TM), xeK.
J \ /

It follows that Σ̂ =™ Tn(x) converges uniformly to 0 as Jc, m tend to
infinity. Thus Σn=i Tn converges to TeA{K,E) and the proof is
completed.

Let K be a compact convex set and E a locally convex space.
We use c{E) to denote the family of all nonempty convex subsets of
E and let c{E) be the subfamily of c{E) consisting of all nonempty
closed convex subsets of E. A set-valued map Φ from K into c{E)
is convex if
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^ ) + (1 - X)Φ(x2) S Φ(Xxt + (1 - X)x2), 0 ^ λ ^ 1, xlf x2 e K .

The map Φ is called lower semicontinuous if for each open set U in
i£, the set {xe K: Φ(x) f]U' Φ 0} is an open set in K and a function
φ:K—>E is called a selection of Φ if ^(a )eΦ(a ) for each CCGJRΓ.

LEMMA 2.3. (Lazar [5]). Suppose K is a simplex and E is a
Frechet space. Let Φ:K—*c(E) be a convext lower semicontinuous
map. Then Φ admits a continuous affine selection <p. Moreover, if
F is a closed face of K and f:F-^Eis a continuous affine selection
of Φ/F, then the selection φ can be chosen so that φ/F = f.

We remark that if we replace E by a complete locally convex
space and assume that for each x e K, Φ(x) is contained in a bounded
convex set which is metrizable with the relative topology, then the
above lemma still holds.

THEOREM 2.4. Let K be a simplex and let E be a Frechet space.
Suppose f is a facially continuous real-valued function on dK. Then
for any Te A(K, E). There exists Se A{K, E) such that

S(x) =f(x)T(x),xedK.

Proof. The theorem is true for E = R [1]. For E = Rn, we can
write T = (Tlf •••, Tn) and there exists S,e A(K) such that

Si(x) = f(x)Tt(x), xedK, i = 1, , n .

Hence the function S = (Su •••, Sn)e A(K, R%) satisfies the require-
ment. To consider the general case, we let U be an open convex
neighborhood of 0 in E and claim that there exists Sv e A(K, E) such
that

Su(x)ef(x)T(x) + U,xedK.

Since / e C(dsK) and dsK is compact, / has a bound M. The map
T is continuous. It follows that T{K) is compact and there exists
xl9 ,xneK such that \JU (T(xt) + (ί/M)U) covers T(K). Define
Φ:K~>c(Rn) by

Φ(x) = u\t) e Rn: Σ \T(xt) e T(x) + - ^ i

= 1, λ 4 ^ 0 , £ = 1, • • • , » }

It is easy to show that Φ is lower semicontinuous and satisfies hypo-
theses of Lemma 2.3. Hence there is a continuous affine selection ψ
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of Φ. By the first part of the proof, we can find Su:K-+Rn such
that

S'σ(x) =f(x)φ(x),xedK.

Define SV\K^E by

Su(x) = ±(S'u)i(x)T(xi),

where S'σ = ((Sί,)lf , (<%)»)• We see that for xedK

Su(%) = Σ f{χ)φi{χ)T(xι) = f{x) Σ <Pi(χ)T(zt) € /(aO^s) + ϋ.
i l < 1

To complete the proof, we let {pn} be an increasing sequence of
pseudo norms which defines the topology on E and let Bn(r) = {ye
E:pn(y)^r). By the above, we can find a sequence SneA(K,E)
such that

Sn(x) e f(x)T(x) + Bn(2'% xedK.

Similar to Theorem 2.2, we can show that the sequence converges
uniformly on dK and hence converges uniformly on K to SeA(K, E)
such that

S(x) =f(x)T(x),xedK.

We remark that above theorem will also hold if we replace E by
a complete locally convex space such that every bounded subset of
E is metrizable.

3* It is known that if K is a simplex and E is a Banach space,
for Te L(E, A(K)), there exists a w*-continuous aίίine function T*:
K-+E* such that T(x){k) = (T*(k))(x) for each xeE,keK. Moreover,
|| Γ|| = supx6# || T*(k)\\. Conversely, for each ^-continuous affine
function T* from K into E*, there corresponds an operator T:E-+
A(K) satisfies the above two conditions. Hence, for convenience, we
will identify A(K, E*), the space of w*-continuous affine functions
from K into E*, with L(E, A(K)). In this section, our main object
is to prove the following theorem.

THEOREM 3.1. Let K be a simplex and let X be a metrizable
compact Hausdorff space. Then a continuous linear operator T in
L{C{X), A(K)) is an extreme point of S(L(C(X), A(K))) if and only
if there exists a map φeA(K, C(X)*) and a map XeA(K) such that

( i ) φ{3K) ^ X Q C(X)*
( i i ) | λ ( a ? ) | = l , x e d K
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(iii) T(f)(x) = X(x) . φ(x)(f), f 6 C(X), X 6 3K.

As an easy consequence we have:

THEOREM 3.2. Suppose K is a simplex and X is a metrizable
compact Hausdorff space. Then Te S(L(C(X), A(K))) is an extreme
point if and only if T is a nice operator. Equivalently, T*(dK) §
1 U - X , where X and —X are considered to be in C(X)*.

Blumenthal-Lindenstrauss-Phelps [2] proved the above theorem
for the case when A{K) — C(Y) for some compact Hausdorff space
Y. We employ a similar idea to prove this general case. In [4],
Lazar considered the set of compact operators and set of positive
operators of similar type. He also gave an example showing the above
theorem is no more valid for the operator space L(A(K), C{X)). We
will begin by listing and proving a series of lemmas which will lead
to the theorem.

LEMMA 3.3. Suppose K is a topological space and E is a locally
convex space. Let Φ:K—+c(E) be a set valued map satisfying

(i) there exists a compact set K' Q E such that Φ(x) £ K' for
each x e K,

(ii) for each open half space H in E (i.e., H = {ye E: f(y) < r},
/ e E*, r e R), the set {x e K: Φ(x) n Ή.Φ 0} is open in K.

Then Φ is lower semicontinuous.

Proof C.f. [3].

LEMMA 3.4. Let K be a simplex and let X be a metrizable com-
pact Hausdorff space. Let Te A(K, C(X)*), || T\\ ^ 1. Define Φ: K-+
c{C{XY) by

Φ(x) = cl \μ: 0 ^ μ ^ Σ λiΓi(fci)
+, Σ λ4fci = » , Σ λ i = l Λ ^ O ,

fc< e K, i = 1, , w

where the closure is taken under the w*-topology. Then we have
(i) Φ(\x + (1 - X)y) = XΦ(x) + (1 - X)Φ(y); 0 < λ < 1, x, y e K.
(ii) Φ is lower semicontinuous.

Proof. Note that for any open set U and any subset A in a
topological space, U Π A Φ 0 if and only if U Π A Φ 0 hence it
suffices to prove the lemma by showing that
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ψ(x) = \μ:0 < μ < ^

1 Λ ">>Π fa C TC n — 1
— ±t Λ>i ^ V, Ki fc 2V, ^ — -L,

satisfies (i) and (ii).
( i ) I t is clear that Ψ(Xx + (1 - X)y) 2 XΨ(x) + (1 - X)Ψ(y). To

prove the reverse inclusion, let 0 ^ /̂  ̂  Σ2=i ^<Ϊ7(Λ<)
+, where Σ*=i λ ^ i =

λa? + (1 - λ)i/, Σ?=i λ4 = 1, λ, ^ 0, fc, e JBΓ, i = 1, , w. By the decom-
position lemma [8] on lattices, there exist {λ<y}, {&<y} such that λ<y >
0, kti6 K, i = 1, , ^, i = 1, 2 and

Hence

o i ( i l ) ) + ( ) ( Σ T

The Riesz decomposition property implies that there exist μlf

C(-2Q* such that

< = 1 λ

and

μ=Xμι + ( l - X)μ2

Hence we have

ψ(xx + (l - λ)») s χψ(χ) + (

(ii) Let V(X, μ, f) - {v: v{f) - μ(f) < λ"1}, / e C(X), ^ e C(X)*, X >
0. By Lemma 3.3, we need only show that the set {xe K: Ψ{x) n V(l,
μ> f) ^ 0} is open in K, or equivalently, we will prove the following:

( * ) let x e if, μ e Ψ(x), then there exists a neighborhood ί7

of x such that 7(1, μ, / ) Π Ψ{k) Φ 0 for each keU.

Since 0 ^ /̂  ^ Σ?=iλ<27(&<)
+> by the Reisz decomposition property,

we can write /̂  = Σ?=i *>& where 0 ^ μt ^ T(&€)
+, i = 1, , n. We

first observe that if one of the i, say i = 1, has a neighborhood ϋi
of Λx such that for ke UΊ
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V(\, ft, /) n Ψ(k) Φ 0 ,

then (*) will hold, for the set XJJX + Σ?=2M>* is the neighborhood
we need. Now suppose (*) does not hold. By the above remark,
there exist nets {&?}, i = 1, •••, n such that {k"} converges to kt and

V(\, μi9 f) ΓΊ Ψ(kί) = 0 for each ft? .

Consider the net {Σi^Xiki}; it converges to x and

(**) V(l, μ, f) Π W(ti *>&) = 0 for each a .

(The proof of this is straightforward, by using (i).) Since {T(ki)+}a

is contained in a compact set (for || Γ|| ^ 1), we may assume that
T(ki)+ converges to I;* and T(ki)~ converges to v\, i = 1, , n. Thus

T(x) = Σ \T(kt)
+ - Σ \T(kt)' = Σ W* ~ ΣΣ \T(kt) = Σ W* ~ Σ

ii ii il

It is clear that vt ^ 2T(Λ<)
+. Let ω = Σ?=i^Λ»' s i n c e Σ?=iλi2

7(feί)
+ ^

A we have ω ^> μ. By Radon Nikodym's theorem, we can write dμ =
g^dω where gt is a Borel function on K such that 0 S 9i ^ l Let
g e C(X) be such that

If we define μa by d^β = g d(Σ?-i λ, T(kf)+), then μaeΨ(ΣU\kf) for
each α and

Λ(/) = ( fdμ* = \ fgd(± \T(kf)+) > \ fgdω .
JX JX \ί=l / JX

Hence

lim sup (/<„(/) - ^(/)) ^ [ |/flr - /flrjdω ^ i ,

so that {̂ α} is eventually in F(l, ft /) Π ?Γ(Σ?=i λi fci) This contradicts
(**) and we conclude that (*) is true.

LEMMA 3.5. Let K be a simplex and let X be a metrizable com-
pact Hausdorff space. Suppose there are set-valued maps Φ,Ψ:K—+
c(C{X)*) satisfies

( i ) Φ, Ψ are convex, lower semicontinuous (w.r.t. the ^-topo-
logy).

(ii) There exists a bounded set W contained in the positive cone
of C(X)* such that for each xeK, Φ(χ), Ψ(x) S W.

(iii) 0eΦ(x), Ψ{x) for each xeK.
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Also, let x0 e dK, μ0 e Φ(x0), v0 e Ψ(x0) with || μ0 || = || v0 \\. Then there exist
Tu T2eA(K, C(X)*) selections of Φ, Ψ respectively such that T^) =
ft, T2(x0) = vQ and \\ Tx{x)\\ = \\ T2(x)\\ for each xeK.

Proof. Let us first consider the case C(X)* = R. The map x-*
Φ(x) Π Ψ{%) is well-defined (i.e., Φ(x) n Ψ{%) Φ 0 for all xeK) and is
lower semicontinuous, convex. Hence there exists a selection T of
the above map such that

T(xQ) = μ o = v o .

(Note that in this case, μ0 = v0.) The maps TΊ, T2 = T meet the re-
quirement.

To prove the general case, we let N = {μe C(X)*: ^(1) = 0}, and
let Rμ0, Evo be the subspaces generated by μ0 and vo. (We assume
that μ0, v0 Φ 0, otherwise the lemma is trivially true.) Then

Let plf p2 be the projections of C(X)* onto RμQ and RvQ. Define
Φϋ: K-+c(Rμ0), Ψo: K-+ c{RvQ) as

eΨ(x)}9 xeK,

μeΦ(x)}9 xeK.

It is clear that we may apply the above remark and find fx e A(K9

RμQ),f2eA(K,Rv0) such that

Since every bounded set in C(X)* is metrizable under the w*-topology,
we let {qn} be an increasing sequence of pseudo norms on C(X)* which
defines the relative w*-topology on W and let Bn(r) = {μe C(X)*:
^^(^) ^ W We will construct two sequences {ΪT} and {T%} as follows:
Let

A(2-1)) Π Φ(α?) , x e K,
TO ( s1(2-l» n ψ(χ), α G K .

The maps Φx, Ψ1 are lower semicontinuous. By Lazar's selection
theorem (also by the remark of Lemma 2.3), there exist continuous
affine selections T}, T2 of Ψu Φ, such that

Tl(x0) = A, Ti(x0) = v0 .

For n > 1, we let for x c if,
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ΦM = (prVifo)) + 5.(2-)) n
+ B^1(2-^1)) Π (Φ(s) +

) + *.<2")) n

and let 2ί, Γ8

W be continuous aίϊine selections of Φn, Wn respectively-
such that

It is clear that {T*}9 i = 1, 2 are uniformly Cauchy sequences and
converge to Tl9 T2eA(K, C(X)*) respectively. Moreover,

T(x) e prι(/i(»)) Π Φ(x), T2(x) e pϊι(f2(x)) n y(a?), » 6 K .

Observe that the subspace N has the property that each point in the
intersection of a translation of N with the positive cone has the same
norm. Thus for xeK each point in Prι(fi(x)) Π Φ(x\ PU£x)) Π Φ(x)

(i — 1, 2) has the same norm and it follows that

l|Γi(*)ll = HΛίαOH = \\Ux)\\ - HΓ^H xeK.

LEMMA 3.6. (Lazar [4]). Let K be a simplex, X a metrizable com-
pact Hausdorff space and let S be the set of positive operators T from
C(X) to A(K) which satisfies T(ϊ) = 1. Then T is an extreme point
of S if and only if there is a function <p: K-+ C(X)* which is affine
and w*-continuous such that

T(f)(x) = Ψ{x){f\ f e C(X), xeK

and

T*(dK) s X .

To prove Theorem 3.1, we use the standard fact that T is an
extreme point of S(A(K, C(X)*)) if and only if Q = 0 is the only
QeA(K, C(X)*) for which || T(x) ± Q(x)\\ ̂  1, xedK.

Proof of Theorem 3.1. Let TeA(KfC(X)*)=L(C(X),A(K)).
Consider the following cases:

Case I. For each x e dK9 either T(x) ̂  0 or T(x) ̂  0. In this
case, || T(x)\\ = | T(x)(ΐ) |. Hence the map x —• || T(x) \\ is continuous and
we claim that 1 — ||ΪX#)|| = 0 for xedK. Suppose this is not true;
then there exists an extreme point x0 of K such that 1 — ||T(α50)|| >
0. The map x —> 1 — || T{xQ)\\ is a continuous concave function and by
Edwards' extension theorem [1], there exists heA(K) such that
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1 - | | 2 X S B ) | | ^h(x) έ O . ί c e f

and

Choose μe C{X)* such that μ Φ 0, | |μ | | <; 1; then the map x-+h(x)μ
is in A(K, C(X)*) and

\\T(x)±h(x)μ\\ £l,xeK,

with h(x)μ Φ 0, which contradicts the fact that T is an extreme point
of S(A(K, C(X)*)). We conclude that ||Γ(a?)|| - 1 for xedK.

Let z: K—> R be the afRne continuous function defined by τ(x) =
T(x)(l); then |r(a?)| = || T(x)\\ = 1 for xedK. Let λ be the restriction
of T to dK. We claim that λ is continuous in the facial topology on
dK. In fact, X(x) — ± 1 at each x in dK and

\-\l) = τ-\l) n dK .

Since τ~\l) is a closed face in K, the set λ'^l) is closed in the facial
toplogy and the same is true for X~\ — l). We conclude that λe
C(dsK) and can be extended to a function in A{K) [1]. By Theorem
2.4, there exists T e A(K, C(X)*) such that

T'(x) =λ(a;)Γ(α?), a GaiΓ.

Note that T ^ 0 on 3iΓ; hence T" ^ 0 on K and T"0*0(l) = 1, a? e dϋΓ.
Let F: C(X) -> A(iΓ) be defined as F{f)(x) = T'(x)(f). By the above
remark, we see that ^(1) = 1 and F ^ 0. Hence Lemma 3.6 implies
there exists a w*-continuous affine map φ: K —> C(X)* such that
/ o £> and ^(ίΓ) £ X Thus we have

T(x)(f) - Mx)-ιT(x){f) - Maj)F(/)(aj) - X(x)φ(x)(f), xedK.

(Note that X(x) = 1 or —1, for xedK; hence X(x) — X(x)~\)

Case II. There exists xQ e dK such that T(xQ) = T(xo)
+ - Γ(α?0)",

where the decomposition is nontrivial. We will show that this is
impossible. Define Φ,Ψ:K-> c(C(X)*) by

Φ(x) = cl \μ e C(X*): 0£μ£Σ λ , Γ f e ) + , x
\ i—

= Σ Wu Σ λ. = i, λ, ^ o]
• •=1 ί = l

and
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¥(x) = cl \μ e C(X)*: 0 ^ μ

By Lemma 3.4, they are convex and lower semicontinuous. If we let
0 Φ ] « o e Φ ( 4 voeΨ(xo) such that | |μ o | | = \\vo\\f Lemma 3.5 shows that
we can find continuous selections Tlf T2 of Φ, Ψ respectively, so that

I I Γ ^ a O H = \\T%{x)\\, x e K

a n d

Tλ(x0) = μ0, T2(x0) = v0 .

Note that for x e dK,

Φ{x) = {μ:0^μ^ T(x)+} ,

Ψ(x) = {μ: 0 ^ μ ^ Γ(a?)-} .

Hence if we let Γ3 = 2\ + Γ2, then Γ3 ^ 0 and for α? e dK

Y + Γ^JH + || T(x)~ - T2(x)\\

- \\T(xy\\ + IIΓ^JII + ||2XαO-|| - \\T2(x)\\

Similarly, we can show that || T(x) - T3(x)\\ = 1 for all xedK. This
contradicts that T is an extreme point of S(A(K, C(X)*)).

4* In this section, we will consider the set of extreme points
of S(L(C(X), A(K))) where K is a simplex and X is a metrizable
compact Hausdorίf space.

THEOREM 4.1. Let K be a simplex and let X be a metrizable
compact Hausdorff space. Then there is a one-to-one correspondence
between the set of extreme points of S(L(C(X), A(K))) and C(dsK,
J U — X) where l U - I are contained in C(X)*.

Proof. Let T be an extreme point of S(L(C(X), A(K))) = S(A(K,
C(X)*)). By Theorem 3.2, T(βK) g l U - I We want to show that
Tx — T/dK is continuous with respect to the facial topology on dK.
Let E be a closed set in X\J —X and let

The set conv E1 is a closed face of S(C(X)*) [1]. Consider the set
T"ι(conv E,), it is clear that
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dK Π T-^conv Et) .

To prove the reverse inclusion, let x e dK π T^conv 2^). Then T(x) e
J f l conv(jEί). Thus T(x) is an extreme point of conv Eι and T(x)e
El9 i.e., α e Γ " 1 ^ ) n dK = Tr\Ex). We conclude that

= dKf]

and this shows that Trι(E^ is facially closed (for Γ^conv Ex) is a
closed face of K). Similarly, T~\E2) is facially closed. Thus for each
closed set S g l U - I , Trι(E) is facially closed and hence Tx e C(dsK,
XΌ -X).

Conversely, suppose 2\e C(35JSΓ, XΌ — X). Since every bounded
subset of C{X)* is metrizable, by the remark of Theorem 2.2 we can
extend 2\ to Γe A(K, C(X)*) and hence it is an extreme point of
S(A(K, C(X)*)).

We call a simplex K a Bauer simplex if and only if dK is closed
in K, or equivalently, dsK is Hausdorff. Recall also that on a Bauer
simplex, the facial topology and the relative topology coincide and
A{K) is isometric to C(dsK) [1].

PROPOSITION 4.2. (Morris-Phelps [7]). Let X, Y be two compact
Hausdorff spaces with X metrizable. Then S(L(C(X), C(Y))) is weak
operator closed convex hull of its extreme points if and only if Y is
totally disconnected.

THEOREM 4.3. Let K be a simplex and let X be a metrizable
compact Hausdorff space. Then the following are equivalent:

( i ) The unit ball S(L(C(X), A(K))) is weak operator closed convex
hull of its extreme points,

(ii) dsK is totally disconnected,
(iii) A(K) is isometric to C(Y) for some Y which is compact

Hausdorff and totally disconnected.

Proof. Note that if dsK is totally disconnected, it must be Haus-
dorff. Hence the equivalence of (ii) and (iii) follows from the above
remarks on Bauer simplexes and that (iii) implies (i) follows from
Proposition 4.2. To show that (i) implies (iii), by Proposition 4.2, we
need only show that K is a Bauer simplex, i.e., dsK is Hausdorff.
To this end, for each xe dK, we let [x] = {ye dK: ί facial neighbor-
hoods U, V of x, ye Uf] V = 0}. Suppose ye [x]. Then f(y) = f(x)
for all feC{dsK,XΌ -X) and by Theorem 4.1, T(x) = T(y) for all
extreme points Te S(L(C(X), A(K))). Since S(L(C(X), A(K))) is the
weak operator closed convex hull of its extreme points, we have
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T(x) = T(y) for all Te S(L(C(X), A(K))). Suppose xΦy. We let Rz
be the subspace generated by a ^ G I and define φ\ [x, y] —>Rz by
φ(Xx + (1 — X)y) = (1 — λ)z. Then <p is a continuous afϊine function
on the closed face [x, y] of K. Hence there exists an extension Tψ e
A(K, Rz) £ A(i£, C(F)*) and T^α) ̂  Tφ(y). This leads to a contradic-
tion. Thus x = y and dsK is a Hausdorff space.

As a special case, we have:

COROLLARY 4.4. Le£ K be a simplex. Then A(K) is the closed
convex hull of its extreme points if and only if K is isometric to
C(deK) where deK (the set of extreme points with the relative topology)
is compact and totally disconnected.

The author would like to express his indebtedness to Professor
R. R. Phelps for his valuable suggestions and careful reading of the
manuscript.
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